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1
1
1 t, x ρ = ρ(t, x) ≥ 0, u = u(t, x)
(t, x) P = P (t, x) ≥ 0
1
{
ρt + (ρu)x = 0
(ρu)t + (ρu
2 + P )x = 0
(t > 0, x ∈ R) (1)
1 2
P P = P (ρ) ρ 2
ρ = 0
ρ > 0
Glimm ( )
P = Aρ ( )
Glimm
P = Aργ (γ > 1, A > 0: ) ( )
( ; compensated compactness
method)
P = Aργ, γ =
5
3
,
7
5
,
9
7
, . . . (2)
DiPerna ([5])
Glimm
Glimm
1. 2
( )
Ding,Chen,Luo ([4]) DiPerna 1 < γ ≤ 5/3
γ Lions,Perthame,Tadomor ([8])
γ ≥ 3 Lions,Perthame,Souganidis ([6])
1 < γ < 3 γ > 1
Chen,LeFloch ([2]), Makino ([9]) Aργ
P
([13] )
(1) ( )
Tartar Young
Young δ (Tartar )
Tartar [4],[5] [6],[8] Tartar
Young
Darboux
( )
Tartar Darboux (Riemann
)
Riemann
[2] [9]
(2) P Tartar
P DiPerna
( ) Lions
(2)
γ = 5/3 P
2. 3
2
(1)
[12], [14]
P = Aργ A ρ
ρ = αρ¯(t, x) (α > 0: ) (1) 1
ρ¯t + (ρ¯u)x = 0
2
(ρ¯u)t + (ρ¯u
2 + αγ−1Aρ¯γ)x = 0
α = (Aγ)−1/(γ−1)
P = Aργ A 1/γ
A = 1/γ
m = ρu (1)
Ut + F (U)x = 0, U =
[
ρ
m
]
, F (U) =
[
m
m2/ρ+ P (ρ)
]
(3)
(3)
U(0, x) = U0(x) =
[
ρ0(x)
ρ0(x)u0(x)
]
(x ∈ R) (4)
U = U(t, x) (t > 0, x ∈ R) (3), (4) φ(t, x) ∈
C10([0,∞[×R)
∫∫
t>0
{U(t, x)φt(t, x) + F (U(t, x))φx(t, x)}dtdx+
∫
R
U(0, x)φ(0, x)dx = 0 (5)
2. 4
(
) (
)
4
(3)
Ut +B(U)Ux = 0, B(U) = ∇UF (U) (∇U = (∂/∂ρ, ∂/∂m))
B(U) = ∇U
[
m
m2/ρ+ P (ρ)
]
=
[
0 1
−m2/ρ2 + P ′(ρ) 2m/ρ
]
=
[
0 1
−u2 + ργ−1 2u
]
λ1 = u− ρθ, λ2 = u+ ρθ (θ = (γ − 1)/2)
γ = 5/3 θ = 1/3
Riemann w, z
w = u+
∫ √P ′
ρ
dρ = u+
ρθ
θ
, z = u−
∫ √P ′
ρ
dρ = u− ρ
θ
θ
(ρ, u), (ρ,m), (w, z) 3
(w, z)
(ρ, u), (ρ,m), (w, z) (1)
[
ρ
u
]
t
+
[
u ρ
ργ−2 u
] [
ρ
u
]
x
= 0, (6)
3. 5
PSfrag replacements
0 ρ
m
ρ =
u =
1: (ρ,m)
PSfrag replacements
0 w
z
ρ =
ρ = 0
u =
2: (w, z)
[
ρ
m
]
t
+
[
0 1
−λ1λ2 λ1 + λ2
] [
ρ
m
]
x
= 0, (7)
[
w
z
]
t
+
[
λ2 0
0 λ1
] [
w
z
]
x
= 0 (8)
(8) Riemann (w, z) (1)
(1) (6), (7), (8) U(t, x)
λ1, λ2 w, z
λ1 =
1− θ
2
w +
1 + θ
2
z, λ2 =
1 + θ
2
w +
1− θ
2
z
γ = 5/3
λ1 =
w + 2z
3
, λ2 =
2w + z
3
3
3. 6
(
)
1
Ut + F (U)x = 0

U = U(t, x) =


u1(t, x)
u2(t, x)
. . .
uN(t, x)

 , F (U) =


f1(U)
f2(U)
. . .
fN(U)



 (9)
U (η(U), q(U)) ( )
U
∇Uq(U) = ∇Uη(U)∇UF (U)
(
∇U =
(
∂
∂u1
,
∂
∂u2
, . . . ,
∂
∂uN
))
(10)
η(U) q(U)
U = U(t, x) (9) (10)
η(U(t, x))t + q(U(t, x))x = 0 (11)
U = U(t, x) (t > 0, x ∈ R)
(η(U), q(U))
η(U(t, x))t + q(U(t, x))x ≤ 0 (t > 0, x ∈ R) (12)
φ(t, x) ∈ C10 (]0,∞[×R)
∫∫
t>0
{η(U(t, x))φt(t, x) + q(U(t, x))φx(t, x)} dtdx ≥ 0
3. 7
( ) (12)
S −S
1 Glimm
(3), (4) Glimm
(9) N ≥ 3 (10) 2 η(U), q(U)
N
N = 1 (10)
1 η(U) (10) q(U)
Tartar
([13] )
N = 2 (10) 2 2
ρ = 0
(10) γ = 5/3 (1) 2
qρ =

ρ2/3 −
(
m
ρ
)2
 ηm, qm = ηρ + 2 mρ ηm
(ρ,m) (ρ, u) (6)
qρ = uηρ + ρ
−1/3ηu, qu = ρηρ + uηu
Riemann (w, z)(= (u+ 3ρ1/3, u− 3ρ1/3)) (8)
qw = λ2ηw, qz = λ1ηz (13)
(13) q Euler-Darboux-Poisson
ηwz +
1
w − z (ηw − ηz) = 0 (w > z)
3. 8
2 Riemann
ρ = 0 0
η(ρ, u)|ρ=0 = 0, ηρ(ρ, u)|ρ=0 = C0φ(u) (C0 = 36)
Darboux
η =
∫ w
z
(w − s)(s− z)φ(s)ds (14)
(14) q
q =
1
3
∫ w
z
(s+ w + z)(w − s)(s− z)φ(s)ds (15)
φ(s) (14), (15) ( )
1. φ(s) = 1, s, s2
φ(s) = 1 (14), (15)
η =
(w − z)3
6
= C0ρ, q =
(w − z)3
6
w + z
2
= C0ρu
(ρ, ρu) (11)
φ(s) = s
η =
(w − z)3
6
w + z
2
= C0ρu,
q =
(w − z)3
6
4w2 + 7wz + 4z2
15
= C0
(
ρu2 +
3
5
ρ5/3
)
= C0(ρu
2 + P )
(ρu, ρu2 + P ) (11)
3. 9
φ(s) = s2
η =
(w − z)3
6
3w2 + 4wz + 3z2
10
= 2C0
(
1
2
ρu2 +
9
10
ρ5/3
)
,
q =
(w − z)3
6
w + z
2
w2 + wz + z2
3
= 2C0
(
1
2
ρu3 +
3
2
ρ5/3u
)
(η∗, q∗) =
(
1
2
ρu2 + ρe,
(
1
2
ρu2 + ρe+ P
)
u
)
(
e =
1
γ − 1
P
ρ
=
9
10
ρ2/3
)
(11)
2. φ = φn → δ(s− a)
φ0(y) ∈ C∞0 (]0, 1[)
∫ 1
0
φ0(y)dy = 1 a
φ(s) = φn(s) = nφ0(n(s− a)) (16)
suppφn(s) ⊂ [a, a + 1/n] w ≤ a, z > a
n
η =
∫ w
z
(w − s)(s− z)φn(s)ds = 0
z ≤ a < w n z ≤ a < a + 1/n ≤ w
η =
∫ a+1/n
a
(w − s)(s− z)φn(s)ds
=
∫ 1
0
(
w − a− y
n
)(
a+
y
n
− z
)
φ0(y)dy
→ (w − a)(a− z)
∫ 1
0
φ0(y)dy = (w − a)(a− z)
X(a)
X(a) = X(w, z; a) =
{
1 (z ≤ a < w),
0 ( )
3. 10
η = η(0)(a) = η(0)(w, z; a) = (w − a)(a− z)X(a)
Darboux (14) Riemann s
a ( )
φn(s) q
q = q(0)(a) = q(0)(w, z; a) =
1
3
(a+ w + z)(w − a)(a− z)X(a)
=
a+ w + z
3
η(0)(a)
z = a w = a
(13)
q
σ(U) = q(U)− λ2(U)η(U) = q(U)− 2w + z
3
η(U)
(η(0)(a), q(0)(a))
σ = σ(0)(a) = σ(0)(w, z; a) = q(0)(a)− λ2η(0)(a) = −w − a
3
η(0)(a) (17)
φ(s) = −φ′n(s)
η =
∫ w
z
(w − s)(s− z)(−φ′n(s))ds =
∫ w
z
(w + z − 2s)φn(s)ds (18)
η = η(1)(a) = η(1)(w, z; a) = (w + z − 2a)X(a)
q
q =
1
3
∫ w
z
(s+ w + z)(w − s)(s− z)(−φ′n(s))ds
=
1
3
∫ w
z
{(w − s)(s− z) + (s+ w + z)(w + z − 2s)}φn(s)ds
3. 11
η(1) q = q(1)
q = q(1)(a) = q(1)(w, z; a) =
1
3
η(0)(a) +
a+ w + z
3
η(1)(a)
σ
σ = σ(1)(a) = σ(1)(w, z; a) =
1
3
η(0)(a)− w − a
3
η(1)(a)
η(1)(a), q(1)(a) η(0)(a), q(0)(a) a
3. (ηn(a), qn(a)), (ηˆn(a), qˆn(a))
Tartar
ψ0(y), ψˆ0(y) ∈ C∞0 (]0, 1[)
ψn(s) = nψ0(n(s− a)), ψˆn(s) = nψˆ0(n(s− a))
φ 2 φ(s) = ψ′′n(s), ψˆ
′′
n(s)
(ηn, qn) = (ηn(a), qn(a)) = (ηn(w, z; a), qn(w, z; a)), (19)
(ηˆn, qˆn) = (ηˆn(a), qˆn(a)) = (ηˆn(w, z; a), qˆn(w, z; a)) (20)
ηn =
∫ w
z
(w − s)(s− z)ψ′′n(s)ds = −
∫ w
z
(w + z − 2s)ψ′n(s)ds
= − [(w + z − 2s)ψn(s)]wz −
∫ w
z
2ψn(s)ds
ηn
ηn = (w − z)(ψn(w) + ψn(z))− 2
∫ w
z
ψn(s)ds (21)
4. 12
qn
qn =
1
3
∫ w
z
(s+ w + z)(w − s)(s− z)ψ′′n(s)ds
= −1
3
∫ w
z
{(w − s)(s− z) + (s+ w + z)(w + z − 2s)}ψ′n(s)ds
= −1
3
[(s+ w + z)(w + z − 2s)ψn(s)]wz
+
1
3
∫ w
z
{(w + z − 2s) + (w + z − 2s)− 2(s+ w + z)}ψn(s)ds
qn = (w − z)(λ2ψn(w) + λ1ψn(z))− 2
∫ w
z
sψn(s)ds (22)
σn = σn(a) = σn(w, z; a)
σn = qn − λ2ηn = (w − z)(λ1 − λ2)ψn(z)− 2
∫ w
z
(s− λ2)ψn(s)ds
σn = −(w − z)
2
3
ψn(z)− 2
∫ w
z
(s− λ2)ψn(s)ds (23)
(21), (22), (23) ψn ψˆn ηˆn, qˆn,
σˆn
4
• Lax-Friedrichs Godunov
•
•
U = U ε(t, x) ε→ +0 (3)
4. 13
1.
0 ≤ ρε(t, x) ≤M1, |uε(t, x)| ≤M2 (mε(t, x) = ρε(t, x)uε(t, x))
2.
φ(t, x) ∈ C10 ([0,∞[×R) ε→ +0∫∫
t>0
{U ε(t, x)φt(t, x) + F (U ε(t, x))φx(t, x)}dtdx→ −
∫
R
U0(x)φ(0, x)dx
3.
Darboux (14), (15) (η, q)
]0,∞[×R Ω
{η(U ε(t, x))t + q(U ε(t, x))x}ε>0
H−1loc (Ω)
4.
φ(t, x) ∈ C10 (]0,∞[×R)
(η, q)
lim sup
ε→+0
∫∫
t>0
{η(U ε(t, x))φt(t, x) + q(U ε(t, x))φx(t, x)}dtdx ≥ 0
1. U ε, F (U ε) ε εn → +0 (n→∞)
U εn(t, x) → U1(t, x) L∞(]0,∞[×R) weak∗,
F (U εn(t, x)) → F1(t, x) L∞(]0,∞[×R) weak∗
U1, F1
F1(t, x) = F (U1(t, x)) a.e.
1.,
3. 2., 4. U1(t, x)
2., 4.
1., 3.
Glimm ( ) 3.
4. 14
Lax-Friedrichs 1., 3.
Glimm
Lax-Friedrichs
( )
Lax-Friedrichs Godunov [4],[15]
U = U ε(t, x)


ρt +mx = ερxx
mt +
(
m2
ρ
+
3
5
ρ5/3
)
x
= εmxx
(24)
(ρ(0, x),m(0, x)) = (ρε0(x),m
ε
0(x)) (25)
ρε0(x), m
ε
0(x) ρ0(x), m0(x) ε→ +0
ρ0(x), m0(x) ( )
U0(x) =
T(ρ0(x),m0(x)) x
0 < ρ0(x) ≤M1, |u0(x)| ≤M2 (m0(x) = ρ0(x)u0(x)) (26)
∫
R
ηˆ∗(U0(x))dx ≤M3 (27)
ηˆ∗(U) η∗(U) U¯ (1 ) 0
ηˆ∗(U) = η∗(U)− η∗(U¯)−∇Uη∗(U¯)(U − U¯) (28)
qˆ∗(U) = q∗(U)− q∗(U¯)−∇Uη∗(U¯)(F (U)− F (U¯))
4. 15
(28) U = U¯ ηˆ∗(U) O(|U − U¯ |2)
(27)
ρ0(x)− ρ¯ ∈ L2(R), u0(x)− u¯ ∈ L2(R)
ηˆ∗ =
1
2
ρ(u− u¯)2 + 9
10
ρ5/3 − 3
2
ρ¯2/3ρ+
3
5
ρ¯5/3
=
1
2
ρ(u− u¯)2 +
∫ ρ
ρ¯
dα
∫ α
ρ¯
β−1/3dβ (29)
U ε(x) (26), (27) ε
0 < ρε0(x) ≤M4, |uε0(x)| ≤M5 (30)
∫
R
ηˆ∗(U
ε
0 (x))dx ≤M6 (31)
(24) Ut−εUxx
U = U ε(t, x)
(24) ρ = 0 ρ > 0
( [10] )
(24), (25) ρε(x) ≥ δ1 > 0 ρε(t, x)
ρε(t, x) ≥ δ2(t) > 0 δ2(t)
[1],[5]
x U¯ U ε(t, x)
1.
Σ(A,B) = {(w, z); w ≤ A, z ≥ B, w ≥ z}
4. 16
PSfrag replacements w
z
w = A
z = B
Σ(A,B)
3: Σ(A,B)
ρ, u ρ, u
D = {(w, z) = (u+ 3ρ1/3, u− 3ρ1/3); 0 ≤ ρ ≤ M¯1, |u| ≤ M¯2}
A, B D ⊂ Σ(A,B) (A = M¯2 + M¯ θ1/θ,
B = −A)
1. ([3])
1 (Chueh-Conley-Smoller)
x U ε0 (x) ∈ Σ(A,B) U¯ Σ(A,B) A,
B U ε(t, x) ∈ Σ(A,B)
(24) w, z
{
wt + λ2wx = εwxx + 2ερ
−1ρxwx − ε(1 + θ)ρθ−2ρ2x,
zt + λ1zx = εzxx + 2ερ
−1ρxzx + ε(1 + θ)ρ
θ−2ρ2x
(32)
w = wε(t, x) ≤ A, z = zε(t, x) ≥ B x U¯ Σ(A,B)
wε(t, x) ≥ A wε x wε x
4. 17
x x = x0 w
ε(t, x) x
wεx(t, x0) = 0, w
ε
xx(t, x0) ≤ 0
(32)
wεt (t, x0) ≤ −ε(1 + θ)ρθ−2ρ2x ≤ 0
wεx(t, x0) = 0, w
ε
t (t, x0) ≤ 0 (t, x0) t wε
wε A
zε(t, x) ≥ B
A, B (30) ε 1
1. 1
Σ(A,B)
(η(U), q(U))
U = U ε(t, x)
ηε(t, x) = η(U ε(t, x)), qε(t, x) = q(U ε(t, x))
ηεt + q
ε
x = εηxx − εTU εx∇2Uη(U ε)U εx (33)
∇2Uη(U) η(U) 2
2
U ∈ Σ = Σ(A,B) Darboux (14) η


|∇Uη(U)| ≤ c1(Σ, φ),
|TX∇2Uη(U)X| ≤ c2(Σ, φ)TX∇2Uη∗(U)X,
TX∇2Uη∗(U)X ≥ c3(Σ)|X|2, c3(Σ) > 0
4. 18
c1(Σ, φ), c2(Σ, φ) Σ, φ c3(Σ) Σ
[4],[15] ( [15]
)
(33) (ηˆ∗, qˆ∗) ]0, T [×R U ε(t, x)
x U¯
∫
R
ηˆ∗(U
ε(T, x))dx−
∫
R
ηˆ∗(U
ε(0, x))dx = −ε
∫ T
0
dt
∫
R
TU εx∇2U ηˆ∗(U ε)U εxdx
(29) ηˆ∗ ≥ 0 (31) ∇2U ηˆ∗ = ∇2Uη∗ 2
(Σ = Σ(A,B))
ε
∫∫
t>0
TU εx∇2Uη∗(U ε)U εxdx ≤
∫
R
ηˆ∗(U
ε
0 (x))dx ≤ c(Σ) (34)
ε
∫∫
t>0
|U εx|2dx ≤ c(Σ) (35)
3.
3
Ω ⊂ R2 1 < p < 2 < r
1. (C0(Ω)
∗ ) ⊂ (W−1,p(Ω) )
2. (Murat )
(W−1,p(Ω) ) ∩ (W−1,r(Ω) )
⊂ (H−1loc (Ω) )
Ω ⊂]0,∞[×R (η, q) (14), (15)
ψ(t, x) ∈ C10 (Ω)
T ε(ψ) =
∫∫
Ω
(ηεt + q
ε
x)ψdtdx
4. 19
T ε (= ηεt + q
ε
x)
(33)
T ε(ψ) = −ε
∫∫
Ω
ηεxψxdtdx− ε
∫∫
Ω
TU εx∇2Uη(U ε)U εxψdtdx = T ε1 (ψ) + T ε2 (ψ)
2 2
|ηεx| = |∇Uη(U εx)U εx| ≤ c1(Σ, φ)|U εx|
T ε1 (35) Schwarz Ho¨lder
|T ε1 (ψ)| ≤ c(Σ, φ)
(∫∫
Ω
ε|U εx|2dx
)1/2 (∫∫
Ω
ε|ψx|2dx
)1/2
≤ c(Σ, φ)√ε‖ψx‖L2(Ω)
≤ c(Σ, φ,Ω)√ε‖ψ‖
W 1,p
′
0
(Ω)
p′ p′ = p/(p− 1) > 2 Ω
c(Σ, φ) Σ, φ (
)
√
ε→ 0 T ε1 W−1,p(Ω)
T ε2 2, (34)
|T ε2 (ψ)| ≤ ε
∫∫
Ω
TU εx∇2Uη∗(U ε)U εx|ψ|dtdx ≤ c(Σ)‖ψ‖C(Ω)
T ε2 C0(Ω)
∗ 3 1. T ε2 W
−1,p(Ω)
T ε = T ε1 + T
ε
2 W
−1,p(Ω)
T ε(ψ) = −
∫∫
Ω
(ηεψt + q
εψx)dtdx
U ε r′ = r/(r − 1) > 1
|T ε(ψ)| ≤ c(Σ, φ)(‖ψt‖L1(Ω) + ‖ψx‖L1(Ω)) ≤ c(Σ, φ,Ω)‖ψ‖W 1,r′
0
(Ω)
5. 20
T ε W−1,r(Ω) 3 2. T ε
H−1loc (Ω)
2., 4. 2 (35)
5
Tartar
Young
4 (Young )
RN Ω {vn(x)}n ⊂ L∞(Ω;RM) RM K vn(x) ∈
K a.e. x ∈ Ω {vn}n {vnj}j
a.e. x ∈ Ω RM 1 Borel
{νx; a.e. x ∈ Ω}
• supp νx ⊂ K¯
• RM G(v)
〈νx(v), G(v)〉 =
∫
RM
G(v)νx(dv)
a.e. x ∈ Ω
G(vnj(x)) → 〈νx(v), G(v)〉 L∞(Ω) weak∗
{νx} {vnj} Young
4 1. U ε(t, x) U ε(t, x) ∈ Σ(A,B) A, B
4 εn → +0 (n → ∞) Young
5. 21
{ν(t,x)(U)}a.e. (t,x) supp ν(t,x)(U) ⊂ Σ(A,B) ρ ≥ 0
H(U)
H(U εn(t, x)) → 〈ν(t,x)(U), H(U)〉 L∞(]0,∞[×R) weak∗ (36)
L∞ weak∗ vn(x) → v(x), wn(x) → w(x)
vn(x) · wn(x) = v1n(x)w1n(x) + · · ·+ vMn (x)wMn (x)
v(x) · w(x) φ(x) ∈ L1(R) Riemann-
Lebesgue
∫
R
φ(x) cosnx dx→ 0 (n→∞)
∫
R
φ(x) cos2 nx dx =
∫
R
φ(x)
1 + cos 2nx
2
dx→ 1
2
∫
R
φ dx (n→∞)
cosnx→ 0, cos2 nx→ 1
2
L∞(R) weak∗
1
5 (div-curl )
Ω RN vn, wn, v, w ∈ L∞(Ω;RN)
vn(x) → v(x), wn(x) → w(x) L∞(Ω) weak∗
5. 22
{div vn}n, {curlwn}n H−1loc (Ω)
N
vnj(x) · wnj(x) → v(x) · w(x) L∞(Ω) weak∗
{nj}j
(36) Darboux (14), (15) (η, q)
η(U εn(t, x)) → 〈ν(t,x), η〉, q(U εn(t, x)) → 〈ν(t,x), q〉 L∞(]0,∞[×R) weak∗
N = 2
div(t,x)(η, q) = ηt + qx, curl(t,x)(−qˆ, ηˆ) = ηˆt + qˆx
4 3. 5 Ωj =]0, j[×]− j, j[
{εnk}k (j )
(η(U εnk ), q(U εnk )) · (−qˆ(U εnk ), ηˆ(U εnk )) = (ηˆq − ηqˆ)(U εnk )
→ 〈ν(t,x), ηˆ〉〈ν(t,x), q〉 − 〈ν(t,x), η〉〈ν(t,x), qˆ〉 L∞(Ωj) weak∗ (37)
(36)
(ηˆq − ηqˆ)(U εn) → 〈ν(t,x), ηˆq − ηqˆ〉 L∞(]0,∞[×R) weak∗ (38)
(37), (38)
〈ν(t,x), ηˆq − ηqˆ〉 = 〈ν(t,x), ηˆ〉〈ν(t,x), q〉 − 〈ν(t,x), η〉〈ν(t,x), qˆ〉 a.e. (t, x) ∈ Ωj
j ]0,∞[×R a.e. (t, x) Darboux
(14), (15) (η, q), (ηˆ, qˆ) Tartar
〈ν(t,x), ηˆq − ηqˆ〉 = 〈ν(t,x), ηˆ〉〈ν(t,x), q〉 − 〈ν(t,x), η〉〈ν(t,x), qˆ〉 (39)
5. 23
(39) ν(t,x)(U) (6 ) (t, x)
(39) (η, q), (ηˆ, qˆ)
(39) 2 (η, q), (ηˆ, qˆ) a.e.
(t, x) ]0,∞[×R Q
(η, q), (ηˆ, qˆ) Tartar
{(ηn, qn)}n Q
• (]0,∞[×R) \Q
• (t, x) ∈ Q (η, q) = (ηn, qn), (ηˆ, qˆ) = (ηm, qm) (39)
(t, x) ∈ Q (ηn, qn) (39)
Tartar
(t, x) ]0,∞[×R
(39)
(t, x)
ν Borel (ηn(U), qn(U))
U (η¯(U), q¯(U)) Lebesgue
lim
n→∞
〈ν(t,x), ηn〉 = 〈ν(t,x), η¯〉, lim
n→∞
〈ν(t,x), qn〉 = 〈ν(t,x), q¯〉
Q Tartar (η¯, q¯)
3 (16), (18)
(19), (20) a
Q
(η(0)(a), q(0)(a)), (η(1)(a), q(1)(a)) Q Tartar
a a
6. TARTAR 24
6
]0,∞[×R Q
• (]0,∞[×R) \Q
• (t, x) ∈ Q
{(η(0)(a), q(0)(a)), (η(1)(a), q(1)(a)), (ηn(a), qn(a)), (ηˆn(a), qˆn(a)); a }
2 (η, q), (ηˆ, qˆ) Tartar (39)
6 Tartar
Tartar (Tartar ) (39) ν = ν(t,x)(U) δ
Tartar (39) 6 Q (t, x) (t, x)
(t, x) ν ν
〈ν(t,x)(U), η(U)〉 = 〈η〉
U (ρ, ρu) = (ρ,m) (w, z)
〈η〉
〈η〉 = 〈ν(t,x)(w, z), η(w, z)〉
Tartar
7. 25
1. w > z ν
Σ1 = Σ(w1, z1) ⊂ Σ(A,B)
(w1, z1) ν
2. (w1, z1) Σ1 w > z ν
3. 1., 2.
ν(U) = ν¯(U) + αδ(w − w1, z − z1), supp ν¯ ⊂ {w = z}
α = 1 ν(U) = δ(w − w1, z − z1)
DiPerna ([5]) Lions ([6],[8])
1. Lions ([6]) 2.
DiPerna ( ) 3.
1.
7
(w1, z1) ν Lions ([6])
a (η(0)(a), q(0)(a))
( )
supp ν ∩ {(w, z); w > z} 6= ∅
Σ1 = Σ(w1, z1) (⊂ Σ(A,B))
(w1 > z1)
ν = ν(t,x) (t, x) Σ1 (w1, z1) (t, x)
(w1, z1) (t, x) (w1(t, x), z1(t, x))
ν δ Σ1 (w1, z1) ν
supp ν 3 (w1, z1)
7. 26
PSfrag replacements
w
z
w = z
Σ(A,B)
Σ1
(A,B)
(w1, z1)
4: Σ1
q(0)(a) = (a + w + z)η(0)(a)/3 (η(0)(a), q(0)(a)), (η(0)(b), q(0)(b))
Tartar
〈η(0)(a)〉
〈
1
3
(b+ w + z)η(0)(b)
〉
− 〈η(0)(b)〉
〈
1
3
(a+ w + z)η(0)(a)
〉
=
〈
1
3
(b− a)η(0)(a)η(0)(b)
〉
〈η(0)(a)〉〈(w + z)η(0)(b)〉 − 〈η(0)(b)〉〈(w + z)η(0)(a)〉
= (b− a){〈η(0)(a)η(0)(b)〉 − 〈η(0)(a)〉〈η(0)(b)〉} (40)
C = {a ∈ R; 〈η(0)(a)〉 > 0}
a ≤ z1 a ≥ w1 (w, z) ∈ Σ1
η(0)(a) = η(0)(w, z; a) ≡ 0
〈η(0)(a)〉 = 0 C ⊂]z1, w1[
7. 27
a, b ∈ C (40) 〈η(0)(a)〉〈η(0)(b)〉
〈(w + z)η(0)(b)〉
〈η(0)(b)〉 −
〈(w + z)η(0)(a)〉
〈η(0)(a)〉 = (b− a)
{ 〈η(0)(a)η(0)(b)〉
〈η(0)(a)〉〈η(0)(b)〉 − 1
}
(41)
7
1. C 6= ∅
2. a ∈ C ζ(a) = 〈(w + z)η(0)(a)〉/〈η(0)(a)〉 ζ(a) a
ζ ′(a) =
〈η(0)(a)2〉
〈η(0)(a)〉2 − 1
3. C ζ(a)
1.
Σ1 Σ1 supp ν
supp ν ∩ {(w, z); z = z1 < w} 6= ∅
1 (w2, z1) ε = (w2 − z1)/3 A
ε
A = {(w, z); w2 − ε ≤ w ≤ w2 + ε, z1 − ε ≤ z ≤ z1 + ε}
A ⊂ {w > z} A (w2, z1) A
η(0)(w2 − 2ε)
〈η(0)(w2 − 2ε)〉 > 0
7. 28
PSfrag replacements
w
z
w = z = w2 − 2ε
(w1, z1)
(w2, z1)
A
η(0)(w2 − 2ε) > 0
5: A
( 0 (w2, z1) 6∈ supp ν) C w2−2ε ∈ C
C 6= ∅
2.
〈(w + z)η(0)(a)〉, 〈η(0)(a)〉, 〈η(0)(a)η(0)(b)〉 Lebesgue a, b
C (41) (b− a)
b→ a
3.
ν 1 Schwarz
〈η(0)(a)〉 ≤ 〈1〉1/2〈η(0)(a)2〉1/2 = 〈η(0)(a)2〉1/2 (42)
2. ζ ′(a) ≥ 0
7
8
1. C =]z1, w1[
2. supp ν 3 (w1, z1)
7. 29
1.
C z1 < a0 ≤ a1 < w1, a0 6∈ C
]a0 − ε, a0[ ∪ ]a1, a1 + ε[ ⊂ C
a0, a1, ε > 0 〈η(0)(a0)〉 = 0PSfrag replacements
w
z
a0
a0 − ε
a1
a1 + ε
a
b
η(0)(a0) > 0
η(0)(a)η(0)(b) > 0
6: a0,a1,a,b
a ∈]a0 − ε, a0[, b ∈]a1, a1 + ε[
a, b a, b ∈ C 〈η(0)(a)〉 > 0, 〈η(0)(b)〉 > 0
{(w, z); η(0)(a)η(0)(b) > 0}
= {(w, z); η(0)(a) > 0} ∩ {(w, z); η(0)(b) > 0}
= {(w, z); w > a > z} ∩ {(w, z); w > b > z} = {(w, z); w > b > a > z}
⊂ {(w, z); η(0)(a0) > (b− a0)(a0 − a) > 0}
〈η(0)(a0)〉 = 0 〈η(0)(a)η(0)(b)〉 = 0
(41)
ζ(b)− ζ(a) = a− b
b a ]a0 − ε, a0[ (⊂ C) ζ
ζ(a) = −a+ ( )
7. 30
7 3.
C z2, w2 (z1 ≤ z2 ≤ w2 ≤ w1)
C =]z2, w2[
z1 < z2 z1 ≤ a ≤ z2 a 〈η(0)(a)〉 = 0
7 1.
supp ν ∩ {(w, z); z1 ≤ z < z2, w > z} = ∅
Σ1 z2 = z1 w2 = w1
C =]z1, w1[
2.
(w1, z1) 6∈ supp ν 0 < ε < (w1 − z1)/2 ε
B = {(w, z); w1 − ε ≤ w ≤ w1, z1 ≤ z ≤ z1 + ε}
B ∩ supp ν = ∅
PSfrag replacements
w
z w1 − ε
z1 + ε
(w1, z1)
B
7: B
η(0)(w1 − ε)η(0)(z1 + ε)
8. 〈BN〉 0 31
B Σ1 \ B 0
〈η(0)(w1 − ε)η(0)(z1 + ε)〉 = 0
(41)
ζ(w1 − ε)− ζ(z1 + ε) = z1 + ε− (w1 − ε) = −(w1 − z1 − 2ε) < 0
7 3. 8 1. (w1, z1) ∈ supp ν
7, 8 Lions (η(0)(a), q(0)(a))
a DiPerna
8 〈Bn〉 0
〈Bn〉 = 〈ηnqˆn − ηˆnqn〉 0 DiPerna
DiPerna ([5])
B(0)n = B
(0)
n (a) = η
(0)(a)qn(a)− ηn(a)q(0)(a),
B(1)n = B
(1)
n (a) = η
(1)(a)qn(a)− ηn(a)q(1)(a),
Bn = Bn(a) = ηn(a)qˆn(a)− ηˆn(a)qn(a)
lim
n→∞
〈Bn〉 = 0 (43)
[4],[5] (43) ψ0, ψˆ0
〈ηn〉, 〈qn〉 〈B(0)n 〉 → 0, 〈B(1)n 〉
8. 〈BN〉 0 32
ψ0,
ψˆ0
9
B0,1 = B0,1(a) = η
(0)q(1) − η(1)q(0)
〈Bn〉〈B0,1〉 − 〈B(0)n 〉〈Bˆ(1)n 〉+ 〈Bˆ(0)n 〉〈B(1)n 〉 = 0 (44)
Bˆ(j)n B
(j)
n ηn, qn ηˆn, qˆn
Tartar (ηi, qi), (ηj, qj) (1 ≤ i < j ≤ 4)
Bi,j = ηiqj − ηjqi
〈B1,2〉〈B3,4〉 − 〈B1,3〉〈B2,4〉+ 〈B1,4〉〈B2,3〉 = 0 (45)
(45) Tartar
〈Bi,j〉 = 〈ηi〉〈qj〉 − 〈ηj〉〈qi〉 (1 ≤ i < j ≤ 4)
4
∣∣∣∣∣∣∣∣∣∣∣
〈η1〉 〈q1〉 〈η1〉 〈q1〉
〈η2〉 〈q2〉 〈η2〉 〈q2〉
〈η3〉 〈q3〉 〈η3〉 〈q3〉
〈η4〉 〈q4〉 〈η4〉 〈q4〉
∣∣∣∣∣∣∣∣∣∣∣
= 0
1,2 2 Tartar
∣∣∣∣∣ 〈ηi〉 〈qi〉〈ηj〉 〈qj〉
∣∣∣∣∣ = 〈Bi,j〉
((45) 2 )
8. 〈BN〉 0 33
[4],[5] (44) (44)
ψ0, ψˆ0 [4]
ψ0 (44)
ψ0, ψˆ0
(45) [11] p450 Lions ([6])
η(0)(a)
3
∣∣∣∣∣∣∣∣
〈η(0)(a)〉 〈η(0)(a)〉 〈q(0)(a)〉
〈η(0)(b)〉 〈η(0)(b)〉 〈q(0)(b)〉
〈η(0)(c)〉 〈η(0)(c)〉 〈q(0)(c)〉
∣∣∣∣∣∣∣∣ = 0
1
〈η(0)(a)〉〈B(0)(b, c)〉 − 〈η(0)(b)〉〈B(0)(a, c)〉+ 〈η(0)(c)〉〈B(0)(a, b)〉 = 0
(B(0)(a, b) = η(0)(a)q(0)(b)− η(0)(b)q(0)(a))
a, b τ + 1
10
h(a) = 〈B0,1(a)〉 h(a) a 6∈ C h(a) = 0 a ∈ C
h(a) > 0
B0,1
B0,1 = η
(0)q(1) − η(1)q(0)
= η(0)
(
1
3
η(0) +
1
3
(a+ w + z)η(1)
)
− η(1) · 1
3
(a+ w + z)η(0)
=
1
3
(η(0))2
Σ1 (42)
〈η(0)〉 ≤
√
3〈B0,1〉
8. 〈BN〉 0 34
a ∈ C 〈η(0)(a)〉 > 0
h(a) = 〈B0,1(a)〉 ≥ 1
3
〈η(0)(a)〉2 > 0
a 6∈ C 8 1. a ≤ z1 a ≥ w1
B0,1 =
1
3
(η(0))2 =
1
3
(w − a)2(a− z)2X(a)
(w, z) ∈ Σ1 0 h(a) = 〈B0,1(a)〉 = 0
B(0)n , B
(1)
n
11
ψn(s) = ψn(s; a) = nψ0(n(s−a)) (ψ0 ∈ C∞0 (]0, 1[)) I = [p, q]
1. (s− a)kψn(s) (k ≥ 1) s, a ∈ I, n
lim
n→∞
(s− a)kψn(s) = 0
2. f(s) I
In =
∫ w
z
f(s)ψn(s)ds
z, w, a ∈ I (z ≤ w), n
lim
n→∞
In = f(a)c0X(a)
(
c0 =
∫ 1
0
ψ0
)
1.
Sn = n(s− a)
(s− a)kψn(s) = n(s− a)kψ0(n(s− a)) = (s− a)k−1Snψ0(Sn)
8. 〈BN〉 0 35
ψ0 ∈ C∞0 (]0, 1[) xψ0(x) (s− a)k−1
n → ∞ s 6= a Sn = n(s − a) → ±∞ n Sn
ψ0 Snψ0(Sn) → 0
s = a Sn = 0 OK.
2.
Wn = n(w − a), Zn = n(z − a)
∫ w
z
|ψn(s)|ds =
∫ w
z
n|ψ0(n(s− a))|ds =
∫ Wn
Zn
|ψ0(y)|dy ≤ ‖ψ0‖L1
|In| ≤ max{|f(s)|; s ∈ I} · ‖ψ0‖L1
In ψn(s)
suppψn(s) = suppψ0(n(s− a)) ⊂
[
a, a+
1
n
]
(46)
w ≤ a In = 0 a < z n a+1/n ≤ z
n In = 0 In → 0
z ≤ a < w n a + 1/n ≤ w n
In =
∫ a+1/n
a
f(s)ψn(s)ds =
∫ 1
0
f
(
a+
y
n
)
ψ0(y)dy
→
∫ 1
0
f(a)ψ0(y)dy = f(a)c0
In → f(a)c0X(a)
(η, q), (η¯, q¯)
B = ηq¯ − η¯q
8. 〈BN〉 0 36
σ = q − λ2η
B = η(σ¯ + λ2η¯)− η¯(σ + λ2η) = ησ¯ − η¯σ
B(0)n (17), (21), (23)
B(0)n = η
(0)σn − σ(0)ηn = η(0)
(
σn +
w − a
3
ηn
)
= η(0)
[
(w − z)
{
w − a
3
ψn(w)− a− z
3
ψn(z)
}
−2
∫ w
z
(
s− w + z + a
3
)
ψn(s)ds
]
11 B(0)n w, z, a ∈ [z1, w1], n
B(0)n → −2η(0)
(
a− w + z + a
3
)
c0X(a) =
2
3
η(0)(w + z − 2a)c0X(a)
=
2
3
c0η
(0)η(1)
B(1)n
B(1)n = η
(1)σn − σ(1)ηn = η(1)σn −
{
1
3
η(0) − 1
3
(w − a)η(1)
}
ηn
= η(1)
(
σn +
w − a
3
ηn
)
− 1
3
η(0)ηn
= η(1)
[
(w − z)
{
w − a
3
ψn(w)− a− z
3
ψn(z)
}
−2
∫ w
z
(
s− w + z + a
3
)
ψn(s)ds
]
−1
3
η(0)
{
(w − z)(ψn(w) + ψn(z))− 2
∫ w
z
ψn(s)ds
}
η(0)(ψn(w) + ψn(z)) = {(w − a)ψn(w)(a− z) + (a− z)ψn(z)(w − a)}X(a)
11 B(1)n w, z, a ∈ [z1, w1], n
X(a)2 = X(a)
B(1)n → −2η(1)
(
a− w + z + a
3
)
c0X(a) +
2
3
η(0)c0X(a)
8. 〈BN〉 0 37
=
2
3
c0{η(0) + (η(1))2}
Lebesgue
〈B(0)n 〉 →
2
3
c0〈η(0)η(1)〉, 〈B(1)n 〉 →
2
3
c0〈η(0) + (η(1))2〉
〈Bˆ(0)n 〉 →
2
3
cˆ0〈η(0)η(1)〉, 〈Bˆ(1)n 〉 →
2
3
cˆ0〈η(0) + (η(1))2〉
(
cˆ0 =
∫ 1
0
ψˆ0
)
9
〈Bn〉〈B0,1〉 = h(a)〈Bn〉 = 〈B(0)n 〉〈Bˆ(1)n 〉 − 〈Bˆ(0)n 〉〈B(1)n 〉 → 0
10 a ∈ C =]z1, w1[
〈Bn〉 → 0
12
h(a)〈Bn〉 a
lim
n→∞
h(a)〈Bn〉 = 0 (47)
a ∈ C =]z1, w1[
lim
n→∞
〈Bn〉 = 0
[4],[5] 〈Bn〉 → 0 h(a)〈Bn〉 → 0
9. BN 38
9 Bn
8 〈Bn〉 0 Bn o(1)
Bn
Bn = ηnσˆn − ηˆnσn
=
{
(w − z)(ψn(w) + ψn(z))− 2
∫ w
z
ψn(s)ds
}
×
{
−(w − z)
2
3
ψˆn(z)− 2
∫ w
z
(s− λ2)ψˆn(s)ds
}
−
{
(w − z)(ψˆn(w) + ψˆn(z))− 2
∫ w
z
ψˆn(s)ds
}
×
{
−(w − z)
2
3
ψn(z)− 2
∫ w
z
(s− λ2)ψn(s)ds
}
= I1 + I2 + I3 + I4,
I1 =
(w − z)3
3
{ψˆn(w)ψn(z)− ψn(w)ψˆn(z)},
I2 =
2
3
(w − z)2
{
ψˆn(z)
∫ w
z
ψn(s)ds− ψn(z)
∫ w
z
ψˆn(s)ds
}
,
I3 = 2(w − z)
{
(ψˆn(w) + ψˆn(z))
∫ w
z
(s− λ2)ψn(s)ds
−(ψn(w) + ψn(z))
∫ w
z
(s− λ2)ψˆn(s)ds
}
,
I4 = 4
{∫ w
z
ψn(s)ds
∫ w
z
(s− λ2)ψˆn(s)ds−
∫ w
z
ψˆn(s)ds
∫ w
z
(s− λ2)ψn(s)ds
}
I1 Wn = n(w − a), Zn = n(z − a)
I1 =
(w − z)
3
(Wn − Zn)2{ψˆ0(Wn)ψ0(Zn)− ψ0(Wn)ψˆ0(Zn)}
W 2n ψˆ0(Wn)ψ0(Zn) 11 w, z, a ∈ [z1, w1]
(z ≤ w), n 0 I1
0
I4 11
I4 → 4{c0X(a)(a− λ2)cˆ0X(a)− cˆ0X(a)(a− λ2)c0X(a)} = 0
9. BN 39
I3
I3 = I5 + I6,
I5 = 2(w − z)
{
(ψˆn(w) + ψˆn(z))
∫ w
z
(s− a)ψn(s)ds
−(ψn(w) + ψn(z))
∫ w
z
(s− a)ψˆn(s)ds
}
,
I6 = 2(w − z)(a− λ2)
{
(ψˆn(w) + ψˆn(z))
∫ w
z
ψn(s)ds
−(ψn(w) + ψn(z))
∫ w
z
ψˆn(s)ds
}
a− λ2 = a− 2w + z
3
= −(w − a) + w − z
3
= a− z − 2(w − z)
3
I6
I6 = I7 + I8,
I7 =
2
3
(w − z)2
{
ψˆn(w)
∫ w
z
ψn(s)ds− ψn(w)
∫ w
z
ψˆn(s)ds
}
−4
3
(w − z)2
{
ψˆn(z)
∫ w
z
ψn(s)ds− ψn(z)
∫ w
z
ψˆn(s)ds
}
,
I8 = 2(w − z)
[
{−(w − a)ψˆn(w) + (a− z)ψˆn(z)}
∫ w
z
ψn(s)ds
−{−(w − a)ψn(w) + (a− z)ψn(z)}
∫ w
z
ψˆn(s)ds
]
11 I8 0 I7
I2
13
Bn Bn = I5 + I9 + I10 + I11
I9 =
2
3
(w − z)2
{
ψˆn(w)
∫ w
z
ψn(s)ds− ψn(w)
∫ w
z
ψˆn(s)ds
}
,
I10 = −2
3
(w − z)2
{
ψˆn(z)
∫ w
z
ψn(s)ds− ψn(z)
∫ w
z
ψˆn(s)ds
}
,
I11 = I1 + I4 + I8
10. δ 40
I11 w, z, a ∈ [z1, w1] (z ≤ w), n 0
I5 0 I9, I10 O(n)
10 δ
n→∞ 〈Bn〉
(→ 0) Bn 0 ν
(w1, z1) w > z
DiPerna ([4],[5]) 〈Bn〉 Young
0 (w1, z1)
(47)
Lions ([6]) 〈Bn〉 h(a) a
(w1, z1)
13 Bn h(a)I5
I5 2
I5 = I5,1 + I5,2,
I5,1 = 2(w − z)
{
ψˆn(w)
∫ w
z
(s− a)ψn(s)ds− ψn(w)
∫ w
z
(s− a)ψˆn(s)ds
}
,
I5,2 = 2(w − z)
{
ψˆn(z)
∫ w
z
(s− a)ψn(s)ds− ψn(z)
∫ w
z
(s− a)ψˆn(s)ds
}
∫
∞
−∞
h(a)I5,1da
= 2(w − z)
∫
∞
−∞
h(a)da
∫ w
z
(s− a){ψˆn(w)ψn(s)− ψn(w)ψˆn(s)}ds
= 2(w − z)
∫ w
z
ds
∫
∞
−∞
(s− a)h(a){ψˆn(w)ψn(s)− ψn(w)ψˆn(s)}da
ψˆn(w)ψn(s)−ψn(w)ψˆn(s) (46) s, w ∈ [a, a+ 1/n] 0
10. δ 41
s < w − 1/n a ≤ s < w − 1/n 0
∫
∞
−∞
h(a)I5,1da = 2(w − z)
∫ w
z∨(w−1/n)
ds
∫
∞
−∞
da = 2(w − z)
∫ w
z∨(w−1/n)
ds
∫ s
w−1/n
da
a∨b = max{a, b} a∧b = min{a, b} s = w−t/n, n(w−a) = y
∫
∞
−∞
h(a)I5,1da = 2(w − z)
∫ 1∧(n(w−z))
0
dt
n
∫ w−t/n
w−1/n
da
= 2(w − z)
∫ 1∧(n(w−z))
0
dt
n
×
∫ 1
t
y − t
n
h
(
w − y
n
)
n2{ψˆ0(y)ψ0(y − t)− ψ0(y)ψˆ0(y − t)}dy
n
=
2(w − z)
n
∫ 1∧(n(w−z))
0
dt
×
∫ 1
t
(y − t)h
(
w − y
n
)
{ψˆ0(y)ψ0(y − t)− ψ0(y)ψˆ0(y − t)}dy
1/n w, z, a ∈ [z1, w1] (z1 ≤ w1)
∫
∞
−∞
h(a)I5,1da = O
(
1
n
)
w = z 0 w > z n
n(w − z) > 1
∫
∞
−∞
h(a)I5,1da
=
2(w − z)
n
∫ 1
0
dt
∫ 1
t
(y − t)h
(
w − y
n
)
{ψˆ0(y)ψ0(y − t)− ψ0(y)ψˆ0(y − t)}dy
=
2(w − z)
n
∫ 1
0
h
(
w − y
n
)
dy
∫ y
0
(y − t){ψˆ0(y)ψ0(y − t)− ψ0(y)ψˆ0(y − t)}dt
=
2(w − z)
n
∫ 1
0
h
(
w − y
n
)
dy
∫ y
0
p{ψˆ0(y)ψ0(p)− ψ0(y)ψˆ0(p)}dp
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h(a)I5,2
∫
∞
−∞
h(a)I5,2da
= 2(w − z)
∫ w
z
ds
∫
∞
−∞
(s− a)h(a){ψˆn(z)ψn(s)− ψn(z)ψˆn(s)}da
= 2(w − z)
∫ w∧(z+1/n)
z
ds
∫
∞
−∞
da = 2(w − z)
∫ w∧(z+1/n)
z
ds
∫ z
s−1/n
da
= 2(w − z)
∫ 1∧(n(w−z))
0
dt
n
∫ z
z−(1−t)/n
da
=
2(w − z)
n
∫ 1∧(n(w−z))
0
dt
×
∫ 1−t
0
(y + t)h
(
z − y
n
)
{ψˆ0(y)ψ0(y + t)− ψ0(y)ψˆ0(y + t)}dy
1/n O(1/n) n(w − z) > 1
∫
∞
−∞
h(a)I5,2da =
2(w − z)
n
∫ 1
0
dt
∫ 1−t
0
dy
=
2(w − z)
n
∫ 1
0
h
(
z − y
n
)
dy
×
∫ 1−y
0
(y + t){ψˆ0(y)ψ0(y + t)− ψ0(y)ψˆ0(y + t)}dt
=
2(w − z)
n
∫ 1
0
h
(
z − y
n
)
dy
∫ 1
y
p{ψˆ0(y)ψ0(p)− ψ0(y)ψˆ0(p)}dp
(w, z) ∈ Σ1
∫
∞
−∞
h(a)I5da→ 0 (n→∞)
I9, I10 h(a) I9 I5,1 (s−a) 2(w−z)
2(w − z)2/3
∫
∞
−∞
h(a)I9da
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=
2(w − z)2
3
∫ 1∧(n(w−z))
0
dt
×
∫ 1
t
h
(
w − y
n
)
{ψˆ0(y)ψ0(y − t)− ψ0(y)ψˆ0(y − t)}dy
w, z, a ∈ [z1, w1] (z1 ≤ w1) n(w−z) >
1
∫
∞
−∞
h(a)I9da
=
2(w − z)2
3
∫ 1
0
dt
∫ 1
t
h
(
w − y
n
)
{ψˆ0(y)ψ0(y − t)− ψ0(y)ψˆ0(y − t)}dy
=
2(w − z)2
3
∫ 1
0
h
(
w − y
n
)
dy
∫ y
0
{ψˆ0(y)ψ0(p)− ψ0(y)ψˆ0(p)}dp
→ 2(w − z)
2
3
h(w)I12,
I12 =
∫ 1
0
dy
∫ y
0
{ψˆ0(y)ψ0(p)− ψ0(y)ψˆ0(p)}dp
I10
∫
∞
−∞
h(a)I10da
= −2(w − z)
2
3
∫ 1∧(n(w−z))
0
dt
×
∫ 1−t
0
h
(
z − y
n
)
{ψˆ0(y)ψ0(y + t)− ψ0(y)ψˆ0(y + t)}dy
n(w − z) > 1
∫
∞
−∞
h(a)I10da
= −2(w − z)
2
3
∫ 1
0
dt
∫ 1−t
0
h
(
z − y
n
)
{ψˆ0(y)ψ0(y + t)− ψ0(y)ψˆ0(y + t)}dy
= −2(w − z)
2
3
∫ 1
0
h
(
z − y
n
)
dy
∫ 1
y
{ψˆ0(y)ψ0(p)− ψ0(y)ψˆ0(p)}dp
→ −2(w − z)
2
3
h(z)
∫ 1
0
dy
∫ 1
y
{ψˆ0(y)ψ0(p)− ψ0(y)ψˆ0(p)}dp
= −2(w − z)
2
3
h(z)
∫ 1
0
dp
∫ p
0
{ψˆ0(y)ψ0(p)− ψ0(y)ψˆ0(p)}dy
=
2(w − z)2
3
h(z)I12
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I11 o(1) Lebesgue
∫
∞
−∞
h(a)I11da→ 0
14
(w, z) ∈ Σ1
lim
n→∞
∫
∞
−∞
h(a)Bnda =
2(w − z)2
3
(h(w) + h(z))I12
14 Fubini Lebesgue
∫
∞
−∞
h(a)〈Bn〉da =
〈∫
∞
−∞
h(a)Bnda
〉
→ 2
3
I12〈(w − z)2(h(w) + h(z))〉 (48)
12 h(a)〈Bn〉 → 0 10 Lebesgue
∫
∞
−∞
h(a)〈Bn〉da =
∫ w1
z1
h(a)〈Bn〉da→ 0 (49)
(48), (49)
I12〈(w − z)2(h(w) + h(z))〉 = 0 (50)
15
ν supp ν¯ ⊂ {w = z} ν¯ 0 < α ≤ 1 α
ν = ν¯ + αδ(w − w1, z − z1) (51)
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I12 0 ψ0, ψˆ0
I12 =
∫ 1
0
ψ0(p)dp
∫ 1
p
ψˆ0(y)dy −
∫ 1
0
ψ0(y)dy
∫ y
0
ψˆ0(p)dp
=
∫ 1
0
ψ0(y)
{∫ 1
y
ψˆ0(p)dp−
∫ y
0
ψˆ0(p)dp
}
dy
ψˆ0 = ψ
′
0 c1 =
∫ 1
0
ψ20 > 0
I12 =
∫ 1
0
ψ0(y){−ψ0(y)− ψ0(y)}dy = −2c1 < 0
0 (50)
〈(w − z)2(h(w) + h(z))〉 = 0 (52)
10 (w − z)2(h(w) + h(z)) ≥ 0 0
(w, z) ∈ Σ1 w = z (w, z) = (w1, z1) (52) ν
{w = z} (w1, z1) 1
δ- ν (51) w1 > z1
α > 0
15 ψ0, ψˆ0 ψˆ0 = ψ
′
0 I12 6= 0
ψ0, ψˆ0 ψ0, ψˆ0
8 (44) ψ0, ψˆ0
〈Bn〉 → 0
15 α 1 ν
1
ν = δ(w − w1, z − z1)
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(40) (51) η(0)(a) w = z 0
〈η(0)(a)〉 = αη(0)(w1, z1; a), 〈(w + z)η(0)(a)〉 = α(w1 + z1)η(0)(w1, z1; a),
〈η(0)(a)η(0)(b)〉 = αη(0)(w1, z1; a)η(0)(w1, z1; b)
(40)
0 = (b− a)(α− α2)η(0)(w1, z1; a)η(0)(w1, z1; b)
z1 < a < b < w1
η(0)(w1, z1; a)η
(0)(w1, z1; b) > 0, b− a > 0
α− α2 = 0
α > 0 α = 1
16
ν = δ(w − w1, z − z1)
16 4 2., 4. U1(t, x) (3), (4)
11
DiPerna ([4],[5]) Lions
([6],[8]) P 1
( )
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γ = 5/3 (2) γ
[4] 1 < γ ≤ 5/3
[4] γ = 5/3
1 < γ ≤ 2
(η(1), q(1)) a
(47) (49)
lim
n→∞
∫
R
h(a)〈Bn〉da = 0
1 < γ ≤ 2 1
[6]
[1] Chen Guiqiang, Remarks on DiPerna’s paper “Convergence of the viscosity
method for isentropic gas dynamics”, Proc.Amer.Math.Soc. 125, 2981–2986
(1997).
[2] Chen Guiqiang and P.G.LeFloch, Compressible Euler equations with general pres-
sure law, Arch.Rational Mech.Anal. 153, 221–259 (2000).
[3] K.N.Chueh, C.C.Conley and J.A.Smoller, Positively invariant regions for systems
of nonlinear diffusion equations, Indiana Univ.Math.J. 26, 373–392 (1977).
[4] Ding Xiaxi, Chen Guiqiang, and Luo Peizhu, Convergence of the Lax-Friedrichs
scheme for isentropic gas dynamics (I)–(III), Acta Mathematica Scientia 5, 415–
432,433–472 (1985), 6, 75–120 (1986).
[5] R.J.DiPerna, Convergence of the viscosity method for isentropic gas dynamics,
Comm.Math.Phys. 91, 1–30 (1983).
[6] P.L.Lions, B.Perthame, and P.E.Souganidis, Existence and stability of entropy
solutions for the hyperbolic system of isentropic gas dynamics in Eulerian and
Lagrangian coordinates, Comm.Pure Appl.Math. 49, 599–638 (1996).
11. 48
[7] P.L.Lions, B.Perthame, and P.E.Souganidis, Weak stability of isentropic gas dy-
namics for γ=5/3, Progress in elliptic and parabolic partial differential equations
Research Notes in Math. No.350, 184–192 (1996).
[8] P.L.Lions, B.Perthame, and E.Tadmor, Kinetic formulation of the isentropic gas
dynamics and p-systems, Comm.Math.Phys. 163, 415–431 (1994).
[9] T.Makino, Weak solutions to the compressible Euler equation with an asymptotic
γ-law, J.Math.Kyoto Univ. 41, 557–592 (2001).
[10] , 2004.
[11] P.D.Serre, La compacite´ par compensation pour les syste`mes hyperboliques non
line´aires de deux e´quations a une dimension d’espace, J.Math.Pures Appl. 65,
423–468 (1986).
[12] J.A.Smoller, “Shock waves and reaction-diffusion equations.” 2nd ed., Springer,
1994.
[13] compensated compactness
No.1284, 78–104 (2002).
http://takeno.iee.niit.ac.jp/~shige/math/conser.html
[14] (2007),
http://takeno.iee.niit.ac.jp/~shige/math/conser.html
[15] (1990),
http://takeno.iee.niit.ac.jp/~shige/math/conser.html
